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Çàäà÷à óñòîé÷èâîñòè Òîìñîíîâñêîãî âèõðåâîãî N-óãîëüíèêà

1. âíóòðè êðóãîâîé îáëàñòè;

2. âíå êðóãîâîé îáëàñòè;
▶ â ñëó÷àå íóëåâîé öèðêóëÿöèè
▶ â ñëó÷àå ïðîèçâîëüíîé öèðêóëÿöèè

Ðåçîíàíñ 1:1 â çàäà÷å óñòîé÷èâîñòè âèõðåâîãî êâàäðóïîëÿ
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Ðåçîíàíñû â ãàìèëüòîíîâîé ñèñòåìå ñ 2 ñòåïåíÿìè
ñâîáîäû
Ðàññìîòðèì ãàìèëüòîíîâó ñèñòåìó

żk = 2i
∂H(z , z)

∂zk
, żk = −2i

∂H(z , z)

∂zk
(1)

ñ ãàìèëüòîíèàíîì
H = H0 + H2 + H3 + .

Êâàäðàòè÷íàÿ ÷àñòü ãàìèëüòîíèàíà èìååò âèä

H2 = −ω1|Z1|2 + ω2|Z2|2 (2)

ãäå Zj = ξj + iζj � ïåðåìåííûå,

ω1 > 0, ω2 > 0,

σ±
1 = ± 1

2ω1, σ
±
2 = ± 1

2ω2,� ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ëèíåàðèçàöèè.
Â ïðîáëåìå óñòîé÷èâîñòè íóëåâîãî ðàâíîâåñèÿ ãàìèëüòîíîâîé ñèñòåìû
âîçíèêàåò ñëó÷àé ðåçîíàíñà n : m, åñëè

nω1 = mω2 n,m ∈ N.

Âåëè÷èíà k = n +m � ïîðÿäîê ðåçîíàíñà.
4 / 34



Âèõðè âíóòðè êðóãîâîé îáëàñòè

1. Óðàâíåíèÿ äâèæåíèÿ

Äâèæåíèå ñèñòåìû N îäèíàêîâûõ òî÷å÷íûõ âèõðåé èíòåíñèâíîñòè κ âíóòðè
êðóãîâîé îáëàñòè ðàäèóñà R îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé

żk =
1

2πi

N∑
j=1
j ̸=k

κ
zk − zj

− 1

2πi

N∑
j=1

κ
zk − ẑj

, (3)

Çäåñü zk = xk + iyk , zk = xk − iyk , k = 1, . . . ,N;
xk , yk � äåêàðòîâû êîîðäèíàòû k-ãî âèõðÿ;

ẑk =
R2

zk
� îòðàæåíèå k-ãî âèõðÿ ãðàíèöåé êðóãîâîé îáëàñòè.

Ãàìèëüòîíèàí ñèñòåìû (3) èìååò âèä

H = −κ2

4π

∑
1⩽j<k⩽N

ln
∣∣zj − zk

∣∣2 + κ2

8π

N∑
j,k=1

ln
∣∣R2 − zjzk

∣∣2 (4)
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2. Ñòàöèîíàðíîå âðàùåíèå Òîìñîíîâñêîãî âèõðåâîãî N-óãîëüíèêà

Ñòàöèîíàðíîå âðàùåíèå ñèñòåìû N âèõðåé, ðàñïîëîæåííûõ íà îêðóæíîñòè
ðàäèóñà R0 â âåðøèíàõ ïðàâèëüíîãî N-óãîëüíèêà

zk(t) = e iωtuk , uk = R0e
2πi(k−1)/N , (5)

Óãëîâàÿ ñêîðîñòü âðàùåíèÿ

ω =
κ

4πR2
0

(
2N

1− pN
− N − 1

)
, p =

R2
0

R2
< 1 (6)

R
0

R

Èññëåäóåòñÿ çàäà÷à óñòîé÷èâîñòè Òîìñîíîâñêîãî âèõðåâîãî N-óãîëüíèêà. Â
ñëó÷àå ìîäåëè Êèðõãîôà ýòà çàäà÷à áûëà ïîñòàâëåíà W. Thomson (Êåëüâèí).
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3. Óðàâíåíèÿ âîçìóùåíèé

Çàìåíà ïåðåìåííûõ

zk =
√
R2
0 + 2rke

i( 2πi
N (k−1)+θk e iωt (7)

ïðèâîäèò ê óðàâíåíèÿì âîçìóùåíèé îòíîñèòåëüíîãî äâèæåíèÿ

ṙk =
∂E (ρ)

∂θk
, θ̇k =

∂E (ρ)

∂rk
, ρ = (r1, . . . , rN , θ1, . . . , θN), (8)

ñ ãàìèëüòîíèàíîì

E (ρ) = H(ρ) +
ω

2

N∑
k=1

(R2
0 + 2rk). (9)

Íå íàðóøàÿ îáùíîñòè, çäåñü è äàëåå κ = 1.
Ðåøåíèþ (5), (6) ñîîòâåòñòâóåò íåïðåðûâíîå ñåìåéñòâî ðàâíîâåñèé C

C = {ρ ∈ R2N : r1 = · · · = rN = 0, θ1 = · · · = θN}. (10)

Îðáèòàëüíàÿ óñòîé÷èâîñòü Òîìñîíîâñêîãî âèõðåâîãî N-óãîëüíèêà � ýòî
óñòîé÷èâîñòü ñåìåéñòâà ðàâíîâåñèé C.
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4. Ðÿä Òåéëîðà ãàìèëüòîíèàíà ñèñòåìû

Ðàçëîæåíèå â ðÿä Òåéëîðà ãàìèëüòîíèàíà E (ρ) èìååò âèä

E (ρ) = E0 + E2(ρ) + E3(ρ) + . . . , (11)

ëèíåéíûå ñëàãàåìûå E1 ðàâíû íóëþ.

Êâàäðàòè÷íàÿ ôîðìà E2 ðàâíà

E2 = ⟨Sρ,ρ⟩, S =

 F1
1

2
G0

−1

2
G0 F2

 , (12)

Ìàòðèöà ëèíåàðèçàöèè L èìååò âèä

L =

(
−G0 2F2

−2F1 −G0

)
. (13)
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5. Ìàòðèöû F1,F2 è G0

Ñèììåòðè÷íûå ìàòðèöû F1,F2 è êîñîñèììåòðè÷íàÿ ìàòðèöà G0 �
öèðêóëÿíòíûå:

Fm = fm0I+
N−1∑
j=1

fmjCj , G0 =
N−1∑
j=1

g0jCj , (14)

C = {cij}Ni,j=1, ci,j =

 1, åñëè j = i + 1, i = 1, . . . ,N − 1;
1, åñëè i = N, j = 1
0 â îñòàëüíûõ ñëó÷àÿõ

Âåêòîðû φk � ñîáñòâåííûå âåêòîðû, à λ1k , λ2k and iλ0k � ñîáñòâåííûå
çíà÷åíèÿ ìàòðèö F1, F2 è G0

Fmφk = λmkφk , G0φk = iλ0kφk

φk = (1, e
2iπk
N , e

4iπk
N , . . . , e

2iπk(N−1)
N ), k = 1, . . . ,N

λmk =
N−1∑
j=1

fmje
2πijk/N , iλ0k =

N−1∑
j=1

g0je
2πijk/N

ßâíûå ôîðìóëû ñîáñòâåííûõ çíà÷åíèé áûëè ïîëó÷åíû Õàâåëîêîì (1931).
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6. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèö S è L

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû S � êîðíè ïîëèíîìîâ

P(N, k,Λ) = Λ2 + p1(N, k)Λ + p0(N, k),

p1(N, k) = −(λ1k + λ2k), p0(N, k) = λ1kλ2k −
1

4
λ2
0k

(15)

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ëèíåàðèçàöèè L:

σ±
k = −iλ0k ± 2

√
−λ1kλ2k , k = 1, . . . ,N. (16)
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7. Êðèòåðèé óñòîé÷èâîñòè

1. Òîìñîíîâñêèé N-óãîëüíèê íåóñòîé÷èâ, åñëè ìàòðèöà ëèíåàðèçàöèè L
èìååò õîòÿ áû îäíî ñîáñòâåííîå çíà÷åíèå â ïðàâîé ïîëóïëîñêîñòè.

2. Òîìñîíîâñêèé N-óãîëüíèê îðáèòàëüíî óñòîé÷èâ â òî÷íîé íåëèíåéíîé
ïîñòàíîâêå, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû S ïîëîæèòåëüíû,
êðîìå ïðîñòîãî íóëÿ.

3. Äëÿ ðåøåíèÿ çàäà÷è óñòîé÷èâîñòè òðåáóåòñÿ íåëèíåéíûé àíàëèç, åñëè
óñëîâèÿ 1�2 íå âûïîëíåíû. Äëÿ å¼ ðåøåíèÿ èñïîëüçóåòñÿ òåîðèÿ
íîðìàëüíûõ ôîðì è òåîðèÿ óñòîé÷èâîñòè ðàâíîâåñèé ãàìèëüòîíîâûõ
ñèñòåì â ðåçîíàíñíûõ ñëó÷àÿõ.
Êóíèöûí, À. Í., Ìàðêååâ À.Ï. Óñòîé÷èâîñòü â ðåçîíàíñíûõ ñëó÷àÿõ
(1979). Ìàðêååâ, À. Ï. Òî÷êè ëèáðàöèè â íåáåñíîé ìåõàíèêå è
êîñìîäèíàìèêå (1978).
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T. H. Havelock (1931)

{
N ≥ 7
2 ≤ N ≤ 6, p∗N < p < 1

íåóñòîé÷èâîñòü

L. G. Campbell (1981)
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Êðèòè÷åñêèå çíà÷åíèÿ ïàðàìåòðà p

N=2 p∗2 ≈ 0.213740
N=3 p03 ≈ 0.304064, p∗3 ≈ 0.321281
N=4 p∗4 ≈ 0.329840
N=5 p05 ≈ 0.341038 , p∗5 ≈ 0.346101
N=6 p∗6 ≈ 0.299121
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8. Íåëèíåéíûé àíàëèç â ñëó÷àå N = 3, p03 ⩽ p ⩽ p∗3
Ðåäóêöèÿ

Íîðìàëèçàöèÿ êâàäðàòè÷íîé ÷àñòè ãàìèëüòîíèàíà E ñ èñïîëüçîâàíèåì
ëèíåéíîé çàìåíû ïåðåìåííûõ

ρ = A

(
ξ
η

)
(17)

ïðèâîäèò ê ñèñòåìå ñ öèêëè÷åñêîé ïåðåìåííîé ζ3.

Çäåñü A � ñèìïëåêòè÷åñêàÿ ìàòðèöà, ξ = (ξ1, ξ2, ξ3) ∈ R3,
η = (η1, η2, η3) ∈ R3.

Ïîëàãàÿ ξ3 = 0, ïîëó÷àåì ãàìèëüòîíîâó ñèñòåìó ðåäóöèðîâàííóþ íà îäíó

ñòåïåíü ñâîáîäû. ðåäóöèðîâàííûé ãàìèëüòîíèàí èìååò âèä

W (ξ1, ξ2, ζ1, ζ2) = E (ρ(ξ1, ξ2, 0, ζ1, ζ2, ζ3)). (18)
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9. Íîðìàëèçîâàííàÿ êâàäðàòè÷íàÿ ÷àñòü ðåäóöèðîâàííîãî

ãàìèëüòîíèàíà

â ñëó÷àå N = 3 ïðè p03 < p < p∗3

Åñëè p ∈ (p03, p∗3), êâàäðàòè÷íàÿ ÷àñòü ðåäóöèðîâàííîãî ãàìèëüòîíèàíà
èìååò âèä

W2 = −ω1|Z1|2 + ω2|Z2|2 (19)

ãäå Zj = ξj + iζj ,

ω1 = −1

2
Imσ+

1 > 0, ω2 =
1

2
Imσ+

2 > 0, (20)

ãäå σ+
k çàäàíû ôîðìóëîé (16).

Ñóùåñòâóþò äâà ðåçîíàíñà: ω2 = 3ω1 â òî÷êå p1:3 è ω2 = 2ω1 â òî÷êå p1:2.
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Ñëó÷àé N = 3, p ∈ (p03, p∗3)

Ïóñòü p ̸= p1:2 è p ̸= p1:3.
Ðåäóöèðîâàííûé ãàìèëüòîíèàí íîðìàëèçîâàííûé äî ñëàãàåìûõ ÷åòâåðòîé
ñòåïåíè èìååò âèä

W = −ω1|Z1|2 + ω2|Z2|2 + c20|Z1|4 + c11|Z1|2|Z2|2 + c02|Z2|4 + . . . (21)

Ñïðàâåäëèâî íåðàâåíñòâî

c20ω
2
1 + c11ω1ω2 + c02ω

2
2 ̸= 0. (22)

Òîãäà ñîãëàñíî òåîðåìå Êîëìîãîðîâà�Àðíîëüäà�Ìîçåðà, íóëåâîå ðàâíîâåñèå
ãàìèëüòîíîâîé ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ñ ãàìèëüòîíèàíîì W
óñòîé÷èâî ïî Ëÿïóíîâó.

Â ðåçîíàíñíûõ ñëó÷àÿõ p = p1:2 è p = p1:3, ðåäóöèðîâàííûé ãàìèëüòîíèàí,
íîðìàëèçîâàííûé äî ñëàãàåìûõ ÷åòâåðòîãî ïîðÿäêà, èìååò òîò æå âèä, ÷òî
÷òî è ãàìèëüòîíèàí (21), ïîñêîëüêó ñîîòâåòñòâóþùèå èì ðåçîíàíñíûå
ñëàãàåìûå

Z 3
1Z2, Z∗3

1 Z∗
2 ïðè p = p1:3 è Z 2

1Z2, Z∗2
1 Z∗

2 ïðè p = p1:2

îòñóòñòâóþò. Òîãäà ñîãëàñíî ÊÀÌ òåîðèè, íóëåâîå ðàâíîâåñèå óñòîé÷èâî ïî
Ëÿïóíîâó.
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Ðåçîíàíñíûé ñëó÷àé äâóêðàòíîãî íóëÿ ïðè N = 3, p = p03

Ïóñòü p = p03. Òîãäà
ω1 = 0, ω2 ̸= 0.

è èìååò ìåñòî ðåçîíàíñíûé ñëó÷àé äâóêðàòíîãî íóëÿ (äèàãîíàëèçèðóåìûé
ñëó÷àé)
Ãàìèëüòîíèàí íîðìàëèçîâàííûé äî ñëàãàåìûõ òðåòüåé ñòåïåíè èìååò âèä

W = W2 +W3 + . . . (23)

W2 = ω2(ξ
2
2 + ζ22 )

W3 = c(−ζ1
3 + 3 ζ1 ξ1

2) + . . .

Ôîðìà W3 íà ÿäðå êâàäðàòè÷íîé ÷àñòè W2 íå ðàâíà íóëþ òîæäåñòâåííî:

W3(ξ1, 0, ζ1, 0) = c (−ζ1
3 + 3 ζ1 ξ1

2), c ̸= 0

Ñîãëàñíî ðåçóëüòàòàì Ñîêîëüñêîãî A. Ã. íóëåâîå ðàâíîâåñèå íå óñòîé÷èâî.
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Ðåçîíàíñ 1 : 1, íåäèàãîíàëèçèðóåìûé ñëó÷àé
ïðè p = p∗3, N = 3

Ðåäóöèðîâàííûé ãàìèëüòîíèàí, íîðìàëèçîâàííûé äî ñëàãàåìûõ òðåòüåé
ñòåïåíè, èìååò âèä

W = λ01(p∗3)(ζ2ξ1 − ξ2ζ1) +
1

2
(ξ21 + ξ22) + A(ξ21 + ξ22)

2 + . . . , (24)

A ≈ 0.2911

Íóëåâîå ðàâíîâåñèå ðåäóöèðîâàííîé ñèñòåìû ôîðìàëüíî óñòîé÷èâî
ïîñêîëüêó êîýôôèöèåíò A ïîëîæèòåëåí.

Sokolsky A. G., Lerman, L.M.
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Äèàãðàììà óñòîé÷èâîñòè

p00 = p03, p1:3 ≈ 0.316897, p1:2 ≈ 0.319327, p1:1 = p∗3

p00 � äâóêðàòíûé íîëü, äèàãîíàëèçèðîâàííûé ñëó÷àé, pk:m � ðåçîíàíñ k : m,
p1:1 � ðåçîíàíñ 1 : 1 (æîðäàíîâà êëåòêà)

Kurakin, L. G., Dokl. Phys. 2004, RCD 2010.
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Äèàãðàììà óñòîé÷èâîñòè ïðè N = 5

Îðáèòàëüíàÿ óñòîé÷èâîñòü � p ∈ (0, p05) (++);
Ôîðìàëüíàÿ óñòîé÷èâîñòü � p ∈ [p05, a) ∪ (b, p∗) ∪ (p∗, p∗5] (ñïëîøíàÿ äóãà);

Óñòîé÷èâîñòü äëÿ ïî÷òè âñåõ íà÷àëüíûõ äàííûõ � p ∈ [a, b],
a = 0.3412, b = 0.3429 (ïóíêòèðíàÿ äóãà);

Íåóñòîé÷èâîñòü � ïðè p = p∗ (ðåçîíàíñ 1 : 2) è ïðè p ∈ (p∗5, 1) (- -).

Kurakin, L. G., Dokl. Phys. 2004, RCD 2012.
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Ðåçîíàíñ 1 : 2 ïðè N = 5

Åñëè p = p∗ ≈ 0.344379, òîãäà

ω1 = 2ω2 = 0.2471

è èìååò ìåñòî ðåçîíàíñ 1:2.
Ðåäóöèðîâàííûé ãàìèëüòîíèàí èìååò âèä

W = 2ω2|z1|2 − ω2|z2|2 + ω3|z3|2 + ω4|z4|2 + Im
(
c z2

2 z1
)
+ . . . (25)

Ôîðìà òðåòüåé ñòåïåíè ñîäåðæèò ðåçîíàíñíûå ñëàãàåìûå

cz22 z1, c = 4.3329 ̸= 0.

Ñîãëàñíî ðåçóëüòàòàì A.Ï. Ìàðêååâà íóëåâîå ðàâíîâåñèå ðåäóöèðîâàííîé
ñèñòåìû íåóñòîé÷èâî.
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N = 2, 4, 6

Ðåçîíàíñ äâóêðàòíîãî íóëÿ (æîðäàíîâà êëåòêà) p = p∗N

Kurakin, L. G., Dokl. Phys. 2004
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Âèõðè âíå êðóãà
Ñëó÷àé íóëåâîé öèðêóëÿöèè âîêðóã ãðàíèöû

Ãàìèëüòîíèàí

H = − 1

4π

∑
1⩽j<k⩽N

ln
∣∣zj − zk

∣∣2 + 1

8π

N∑
j,k=1

ln
∣∣R2 − zjz

∗
k

∣∣2 − N

4π

N∑
k=1

ln
∣∣zk ∣∣2

zk(t) = e iωtuk , uk = R0e
2πi(k−1)/N ,

ω =
1

4πR2
0

(
3N − 1− 2N

1− qN

)
, q =

R2

R2
0

< 1

Ëèíåéíûé àíàëèç: Havelock T.H. 1931

R0

R

Íåëèíåéíûé àíàëèç: Kurakin L. G., Ostrovskaya I.V. SMJ 2010, RCD 2012
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Ðàñ÷åò òðàåêòîðèé òî÷å÷íûõ âèõðåé ïðè q = q03, N = 3

Â òî÷êå q = q03 âîçíèêàåò ðåçîíàíñ äâóêðàòíîãî íóëÿ (äèàãîíàëèçèðóåìûé
ñëó÷àé, êîòîðûé ïðèâîäèò ê íåóñòîé÷èâîñòè.
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1

2

–2 –1 1 2

–2

–1

0

1

2

–2 –1 1 2

–2

–1

0

1

2

–2 –1 1 2

a. q = 0.2540 b. q = q03 ≈ 0.2625 c. q = 0.2700
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Ðàñ÷åò òðàåêòîðèé òî÷å÷íûõ âèõðåé ïðè q = q1:2, N = 5

Â òî÷êå q = q1:2 ðåçîíàíñ 1 : 2 ïðèâîäèò ê íåóñòîé÷èâîñòè.
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a. q = 0.3320 b. q = q1:2 ≈ 0.3333 c. q = 0.3340
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Ñëó÷àé ïðîèçâîëüíîé öèðêóëÿöèè Γ âîêðóã öèëèíäðà

Ñëó÷àé ïðîèçâîëüíîé öèðêóëÿöèè Γ âîêðóã öèëèíäðà ðàññìîòðåí â ðàáîòå
�Kurakin, L. G. and Ostrovskaya, I. V., Mathematics, 2020, vol. 8, no. 6�

Â ÷àñòíîñòè, äëÿ ðàçëè÷íûõ çíà÷åíèé öèðêóëÿöèè Γ âîêðóã öèëèíäðà
èçó÷åíû ðåçîíàíñ äâóêðàòíîãî íóëÿ (äèàãîíàëèçèðóåìûé ñëó÷àé) äëÿ N = 3
è ðåçîíàíñ 1 : 2 äëÿ N = 5, êîòîðûå ïðèâîäÿò ê íåóñòîé÷èâîñòè.
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Äèàãðàììà óñòîé÷èâîñòè Òîìñîíîâñêîãî âèõðåâîãî
ïÿòèóãîëüíèêà

Ñåðûé öâåò � îðáèòàëüíàÿ óñòîé÷èâîñòü, âåðòèêàëüíàÿ øòðèõîâêà �
íåóñòîé÷èâîñòü, áåëûé öâåò � òðåáóåòñÿ íåëèíåéíûé àíàëè.

Γ1:2 � ñëó÷àé ðåçîíàíñà 1 : 2. Âèõðåâîé ïÿòèóãîëüíèê íåóñòîé÷èâ.
Ðåçîíàíñíàÿ êðèâàÿ Γ1:2 ïåðåñåêàåò ðåçîíàíñíóþ êðèâóþ Γ15 â òî÷êå

(q∗1:2, Γ
∗
1:2).
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Óðàâíåíèÿ äâèæåíèÿ ñèñòåìû N + 1 òî÷å÷íûõ âèõðåé

Óðàâíåíèÿ äâèæåíèÿ ñèñòåìû N îäèíàêîâûõ òî÷å÷íûõ âèõðåé åäèíè÷íîé
èíòåíñèâíîñòè è îäíîãî âèõðÿ ïðîèçâîëüíîé èíòåíñèâíîñòüþ κ:

κ ˙̄z0 = 2i
∂H(z, z)

∂z0
, ˙̄zk = 2i

∂H(z, z)

∂zk
,

κż0 = −2i
∂H(z, z)

∂z̄0
, żk = −2i

∂H(z, z)

∂z̄k
, k = 1, . . . ,N.

(26)

Ãàìèëüòîíèàí

H(z, z) =− 1

4π

[
κ

N∑
k=1

ln |z0 − zk |2 +
∑

1≤j<k≤N

ln |zj − zk |2
]
. (27)

zk = xk + iyk , z̄k = xk − iyk � êîìïëåêñíûå ïåðåìåííûå;
xk , yk � äåêàðòîâû êîîðäèíàòû k-ãî âèõðÿ;

Kirchho� G., 1876
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Ñòàöèîíàðíîå âðàùåíèå âèõðåâîãî êâàäðóïîëÿ (N = 3)

Êâàäðóïîëü � êîíôèãóðàöèÿ èç òðåõ îäèíàêîâûõ òî÷å÷íûõ âèõðåé,
ðàñïîëîæåííûõ ðàâíîìåðíî íà îêðóæíîñòè ðàäèóñà R > 0 âîêðóã âèõðÿ ñ
ïðîèçâîëüíîé èíòåíñèâíîñòüþ κ

z0(t) = 0, zk = e iΩt · Re i [2π(k−1)/3], k = 1, 2, 3, (28)

Óãëîâàÿ ñêîðîñòü âðàùåíèÿ Ω

Ω =
κ + 1

2πR2
, (29)
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Ëèíåéíûé àíàëèç óñòîé÷èâîñòè

▶ Íåóñòîé÷èâîñòü. Ìàòðèöà ëèíåàðèçàöèè èìååò ñîáñòâåííûå çíà÷åíèÿ ñ
ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ:

κ > 1

Morikawa, G.K., Swenson, E.V., 1971

▶ Îðáèòàëüíàÿ óñòîé÷èâîñòü:

κ < −3, 0 < κ < 1

▶ Ðåçîíàíñ 1:1, åñëè
−3 < κ < 0

Kurakin L. G., Ostrovskaya I. V. RCD 2021.
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Íîðìàëèçàöèÿ ðåäóöèðîâàííîãî ãàìèëüòîíèàíà íà
èíòåðâàëå −3 < κ < 0

Ãàìèëüòîíèàí, íîðìàëèçîâàííûé äî ñëàãàåìûõ ÷åòâåðòîãî ïîðÿäêà, èìååò
âèä

W = W2 +W4 + . . . (30)

W2 = ω1|Z1|2 − ω|Z2|2 + ω|Z3|2

W4 = C11|Z1|4 + C12|Z1|2|Z2|2 + C13|Z1|2|Z3|2+ (31)

+ C22|Z2|4 + C33|Z3|4 + C23|Z2|2|Z3|2 + D1(Z
2
2ϕ

2
3 + Z

2

2Z
2

3)+

+ iD2(Z2Z
2

2Z 3 − Z 2
2Z3Z 2) + iD3(Z3Z 2Z

2

3 − Z2Z
2
3Z 3) + . . .

ω1 = 1 + κ, ω =
√
1− κ. (32)

Ðåçîíàíñ 1:1 (äèàãîíàëèçèðîâàííûé ñëó÷à) èìååò ìåñòî íà èíòåðâàëå
−3 < κ < 0.
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▶ Ïðèìåíåíèå òåîðåìû Ñîêîëüñêîãî äàëî ñëåäóþùèå ðåçóëüòàòû: íóëåâîå

ðàâíîâåñèå ñèñòåìû ñ ãàìèëüòîíèàíîì Ŵ = W2 +W4 is óñòîé÷èâî, åñëè

− 3 < κ < 0, κ ̸= κ1,2

κ1 ≈ −1.6053, κ2 ≈ −0.5529

▶ Â òî÷êàõ ðåçîíàíñîâ 1:2, 1:3 è ðåçîíàíñà äâóêðàòíîãî íóëÿ
(äèàãîíàëèçèðóåìûé ñëó÷àé) èìååò ìåñòî óñòîé÷èâîñòü, ïîñêîëüêó
ãàìèëüòîíèàí, íîðìàëèçîâàííûé äî ñëàãàåìûõ ÷åòâåðòîé ñòåïåíè èìååò

òóæå ôîðìó, ÷òî è Ŵ .

▶ Âîïðîñ îá óñòîé÷èâîñòè â òî÷íîé íåëèíåéíîé ïîñòàíîâêå îñòàåòñÿ
îòêðûòûì â ñëó÷àå

κ = 1, κ = 0, κ = −3, κ = κ1,2.
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